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RELATIVE PRESSURE, RELATIVE EQUILIBRIUM STATES,
COMPENSATION FUNCTIONS AND MANY-TO-ONE
CODES BETWEEN SUBSHIFTS

PETER WALTERS

ABSTRACT. Let S: X — X, T: Y — Y be continuous maps of compact
metrizable spaces, and let m: X — Y be a continuous surjection with 70 S =
T ow. We investigate the notion of relative pressure, which was introduced by
Ledrappier and Walters, and study some maximal relative pressure functions
that tie in with relative equilibrium states. These ideas are connected with
the notion of compensation function, first considered by Boyle and Tuncel,
and we show that a compensation function always exists when S and T are
subshifts. A function F' € C(X) is a compensation function if P(S, F+¢on) =
P(T,¢) V¢ € C(Y). When S and T are topologically mixing subshifts of
finite type, we relate compensation functions to lifting T-invariant measures
to S-invariant measures, obtaining some results of Boyle and Tuncel. We use
compensation functions to describe different types of quotient maps . An
example is given where no compensation function exists.

0. Introduction. When S: X — X, T:Y — Y are continuous maps of
compact metrizable spaces and 7: X — Y is a continuous surjection with 7oS = To
m, the concept of relative pressure has been defined and studied by Ledrappier and
Walters [L,W]. We continue this study in §1 by considering equivalent definitions
and invariance properties. In §2 we study a maximal average relative pressure
function W: C(X) — R, where C(X) denotes the space of all real-valued continuous
functions on X. It is a convex function, and we study its tangent functionals. These
are closely related to relative equilibrium states.

A compensation function for (S, T, ) is a function F € C(X) with

P(S,F+¢orm) = P(T,¢) Vo € C(Y),
where P(S,-) is the pressure of S and P(T,-) is the pressure of T. Boyle and
Tuncel have shown the importance of such functions [B,T]. In §3 we show that a
compensation function always exists when S and T are subshifts. We also obtain
equivalent conditions for a function to be a compensation function.

For a topologically mixing subshift of finite type S: X — X there is an extensive
theory of equilibrium states: in particular, many functions have unique equilibrium
states. In §4 we consider a class #(X) of such functions, and when S and T are both
topologically mixing subshifts of finite type, we connect the idea of compensation
function to that of lifting equilibrium states of functions in #(Y) to equilibrium
states of functions in #(X). In particular, if the unique measure of maximal en-
tropy for T lifts to the equilibrium state of a function f € #(X) then f + c is
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2 PETER WALTERS

a compensation function for some ¢ € R. One can characterise different kinds of
quotient maps 7 by the type of compensation functions they admit, and we give
examples of some of these types. The example of Marcus, Petersen and Williams
[M,P,W] is shown to have no compensation function in #(X).

In §5 we give an example where no compensation function exists and S,T are
topologically transitive homeomorphisms.

We shall use notation from [Wg]. If S: X — X is a continous map of a com-
pact metrizable space then M (X, S) will denote the space of all S-invariant Borel
probability measures on X. A Borel subset B of X will be called a total probability
set for S if u(B) =1Vu e M(X,S). If p € M(X,S) then h,(S) will denote the
measure-theoretic entropy of S relative to u. The topological entropy of S will be
denoted by h(S). We use C(X) for the space of real-valued continuous functions on
X, and || f|| denotes the supremum norm of f € C(X). The pressure of S evaluated
at f € C(X) is denoted P(S, f). All logarithms used are natural logarithms. Recall
that 4 € M(X, S) is an equilibrium state of f € C(X) if h,(S) + [ f du = P(S, f).

When S: X —» X, T: Y — Y are continuous maps of compact metrizable spaces
and m: X — Y is a continuous surjection with 7 0 § = T o 7, we shall use relative
entropy hu(S|t), p € M(X,S), defined as follows [A,R]. Let

hu(S|T) = sup{h,(S|T, )| is a finite partition of X}

and
1 n-—1 )
hu(S|r,€) = nan;o ﬁH" ((\_/0 S"ﬁ) /7"_153’) )
where ey is the partition of Y into points. We have

hu(8) = hyon-1(T) + hu(Slr), e M(X,S)

[A,R]. It can happen that h,(S) and hyor-:(T) are both infinite but h,(S|r) is
finite, so in these cases consideration of h,(S|r) makes sense whereas h,(S) —
Ryon-1(T) does not. However, when h,(S) < 0o, hu(S|T) = hu(S) — hyor-1(T).

Throughout the paper S: X — X, T: Y — Y denote continuous maps of
compact metrizable spaces, and 7: X — Y denotes a continous surjection with
7S = Tn. In some sections we make additional assumptions, which are stated at
the beginning of the sections. Members of C(Y) will normally be denoted by Greek
letters ¢, 1, etc., and members of C(X) by f,g,h, etc. For f € C(X), (Snf)(z)
denotes Y7 f(S'z), and for ¢ € C(Y), (T¢)(y) denotes S (TH).

1. Relative pressure. The idea of relative pressure was introduced in [L,W].
Let X,Y be two compact metric spaces, and let S: X — X, T:Y — Y and
m: X — Y be continuous maps such that 7 is surjective and 7S = Tw. (We have
changed the notation of [L,W].) We say T is a factor of S by the map 7, or that
7 is a semiconjugacy from S to T. We now define relative pressure. For each
f € C(X) we shall obtain a map P(S,, f): Y — R, which may not be continuous,
and P(S,n, f)(y) will measure the relative pressure of f over y € Y. Choose any
metric d on X. Recall that for n > 1 and § > 0 a finite subset E of X is (n,4)
separated with respect to S if z,y € E, z # y, imply maxp<i<n—1d(S'z, Sty) > 6.
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ForyeY let
Pu(8,m, £,6)(y)

= sup { E exp((Snf)(z))|E is (n,6) separated and E C ﬂ‘l(y)} .

z€E
Now let )
P(S,m, f)(y) = lim limsup —log P (S, , £,6)(y)-

Although P,, depends on the metric d, the quantity P(S,, f)(y) is independent of
the metric chosen.

Let M (X, S) denote the space of all S-invariant Borel probability measures on X,
and let M (Y, T) denote the corresponding space for T. It was shown in [L,W] that
P(S,m, f): Y — R is Borel measurable for all f € C(X), and for each m € M(Y,T)
and f € C(X),

/P(S,w,f)dm=sup{h,4(S|T)+/fdu|u€M(X,S) anduoﬂ"l=m}.

We shall call this result the relative variational principle. (It reduces to the usual
variational principle when Y is a space with only one point.)

Throughout this section the maps S, T, 7 will be as described above. We shall
assume P(S,7, f)(y) never takes the value oo, for each f € C(X); by Proposition
1.1 this is equivalent to the function P(S,,0)(y) never taking the value co. This
assumption holds when h(S) < co. There are the following elementary properties
which are proved in the same way as the corresponding statements for pressure.
(See (W3, p. 214].)

PROPOSITION 1.1. If f,g€ C(X), y€Y andc € R, then
(i) f < g implies P(S,m, f)(y) < P(S,m,9)(y),

(ii) |P(S,m, f)(y) — P(S,m q)W)| < I|If —gll,

(iii) P(S,n,-)(y) 1s a convez, real-valued function on C(X),
(iv) P(S,m, f +c)(y) = P(S,m, f)(y) + ¢,

(v) P(S,m, f + 908 —g)(y) = P(S,, f)(y)-

As in the case of (nonrelative) pressure there is a definition of relative pressure
using spanning sets rather than separated sets. One says that a subset F' of X
(n,6)-spans 7~ 1(y) if Vz € n~1(y)3z € F such that maxo<i<n—1 d(S'z, S*z) < 6.
For f € C(X) let

Qn(S’ m, f, 6)(:‘/) = inf {Z exp((Snf)(a:))I

z€F

F(n,6)-spans 7~1(y) and F C w‘l(y)} .

PROPOSITION 1.2. For each f € C(X) andy €Y,

o 1
P(8,, f)(y) = lim hflj;lop - log Qn(S,, £,8)(y).
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PROOF. In the definition of P, (S, , f,8)(y) it suffices to take the supremum over
the collection of those (n, §)-separated sets which are maximal (in the sense that the
addition of any point of 7! (y) forces the new set to not be (n, §)-separated). Such
a maximal (n, §)-separated subset of 7~1(y) is a set which (n,é)-spans 7~1(y), so
Qu(S,m, £,6)(y) < Pa(S, 7, f,6)(y). Therefore

Jim lim sup log Qu (S, 7. f,6) 1) < P(S, ., /)(u).

—0 n—oo N

For 6 > 0 let

v(f,6/2) = sup{|f(z) - f(z')| | d(z,2") < 6/2}.
Let E C 7~ 1(y) be (n,§)-separated, and let F C 7w~ !(y) be a set which (n,§/2)-
spans 7~ !(y). Define a map ®: E — F by choosing ®(z) € F so that

max 1d(Siac, S'®(z)) < 6/2.

0<i<n—

The fact that E is (n, §)-separated implies that ® is one-to-one. Therefore

Y exp((Saf)(2)) > D exp((Snf)(®(2)))

z€eF z€E

> exp(—nv(f,6/2)) Z exp((Snf) ().

z€E
Hence
Qn(S’ , f’ 6/2)(3/) > exp(—nv(fv 6/2))Pn(sa ™, f’ 6)(y)

Since v(f,6/2) goes to zero as § goes to zero, this finishes the proof. O
Note that, by the first part of the proof, we always have

Qn(S,m, f,6)(y) < Pu(S,m, f,6)(y).
The above proof also shows that if we define Qn (S, 7, f,8)(y) to be

inf { Y exp((Sf)())|F(n, 6)-spans 7r'1(1/)} ;

z€F
we get
. 1 ~
P(S,, f)(y) = Jim limsup - log Qu(S, ., £, 6)(y)-

n—oo

We can also define relative pressure by using open covers. If v is an open cover
of X and X, is a subset of X, we let y|x, denote the cover of X; by the sets
CN Xy, Ce€n. For an open cover a of X, f € C(X), y€Y and n > 1, let

T
Bepg

gn(S, 7, f,0)(y) = inf{ Y inf exp((Snf)(z)

n—1
B is a finite subcover of < \/ S "a)
i=0

= 1(y) }
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and

pn(S,m, f,a)(y) = inf { > sup exp((Sn.f)(@)) |

Bepg®

n—1
B is a finite subcover of ( V S ‘ia)

1=0

7r“(y)}
Clearly ¢n(S,, f,@)(y) < pn(S,, f, )(y).
We have the following connections with @, and P,. Recall that the diameter,
diam(a), of a cover a is the supremum of the diameters of all the members of the
cover a.

LEMMA 1.1. (i) If a 3 an open cover of X with Lebesgue number 6, then

Q'n(Sa ™, f, a)('y) S Qn(s’ , f’ 6/2)(y)
(i) If € > 0 and ~ s an open cover of X with diam(y) < ¢, then

P.(S,m, f,€)(y) < pu(S,, f,7)(y).

PROOF. We shall use B(z;¢) to denote the closed ball in X of radius €.
(i) If F is a subset of m~!(y) which (n,§/2)-spans 7~ (y), then

~yc "r—]l S~'B(S'z;6/2).

z€F 1=0
Therefore

(S, f,0)(y) < D exp((Saf)(2))-

z€F
Hence
an(S,m, f,e)(y) < Qn(S, 7, £,6/2)(y).
(ii) Let E be an (n,¢)-separated subset of 7~!(y). No member of \/7-) S~y
contains more than one element of E, so we have
E exP((Snf)(z)) < pn(S’ ., f, '7)(?/)‘
z€E

Therefore
Pu(S,m, f,€)(y) < pu(S,m, f,1)(y). O
The following result helps to calculate relative pressure.

PROPOSITION 1.3. For any f € C(X), y € Y and any sequence {ax} of
open covers of X with diam(ax) — 0, we have

o 1
P(S,m f)(y) = lim lim sup log pn (S, 7, f, o) ()

= klim lim sup % log gn (S, 7, f, ok ) (y).

—0© n—oo

PROOF. If o is an open cover of X of diameter § and
v(f,6) =sup{|f(z) - f(z')| |d(z,2") < 6},
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then
pa(S,m, f,a)(y) < env(f’6)qn(sa T f,a)(y) VyeY.
Let 8, = diam(ak). Then P,(S,n, f,6)(y) < pn(S,7, f, ar)(y) by Lemma 1.1(ii).
Therefore
P(S,m f)(y) < hn_l’loréfhmsup logpn(S 7, f, ok)(y)
< thE.loI(l,fhﬂs;p logqn(S 7, [, ox) (y).

Let €x be a Lebesgue number for ai. By Lemma 1.1(i) we have ¢, (S, 7, f, ax)(y) <
P.(S,m, f,ek/2)(y). Therefore

e~ U8)p, (8,7, £ k) () < gn(S, 7, £, k) (y) < Pu(S, 7, fr€6/2)(y)

and
(f,6k)+hmsup log pn(S, T, f, 0u)(y) < limsup — logqn(S 7, f, o) (y)
< P(S,m, f)(y)-
Therefore

lim sup lim sup — logpn(S m, f,ou)(y )<hmsuphmsup logqn(S' m, f, ox)(y)

k—oo n—oo k—oco  n—co
< P(S,m f)(y),
so that
lim limsup — logpn(S 7, f,on)(y)
—00 n—oo
and

lim limsup = logqn(S 7, f, k) (y)

k=00 nooo

exist and equal P(S,n, f)(y). O
Recall that we are calling (following Mané) a Borel subset B of Y a total prob-
ability set for T if m(B) =1Vm e M(Y,T).

LEMMA 1.2. For each open cover a and each f € C(X) the set
{y €Y| lim %logpn(S, T, f, a)(y)ezists}

1s a total probability set for T.
PROOF. We have, for all n,k > 1,
Prik(S, 7, f,0)(y) < pu(S,, f,0)(y) - (S, 7, f, @) (T™y),
so the subadditive ergodic theorem gives the result. U

COROLLARY 1.1. For a sequence {ax}$° of open covers of X with diam(og) —
0, the set of all points y € Y at which

P(S,7,)(y) = Jim_lim_ 1logpn(s,w,f,ak)(y)

= lim liminf = log an(S,m, f, ax)(y)

k—»oo n— oo

for all f € C(X) s a total probability set.
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PROOF. Since C(X) is separable, it is enough to consider the set Y; where the
above equalities hold for a particular f € C(X). Using the notation of the proof of
Proposition 1.3, we have

e—nv(f,ék)pn(s’ ™ f) ak)(y) < qn(S, ™, f’ ak)(y) < pn(S, U f’ ak)(y)
The result follows from Lemma 1.2 and Proposition 1.3. [
PROPOSITION 1.4. Let Yy consist of all points y € Y for which, Vf € C(X),

o . o1
P(S,m, f)(y) = Jim lim inf —Qn(S, 7, £, 6)(y)
T ¢
= lim lim inf — log Po(S,m, f,6)(y).

Then Yy 1s a total probability set for T.

PROOF. It suffices to show that for each f € C(X) the set Yy of points y where
the expressions agree is a total probability set.

Let oy, be the cover of X by all open balls of radius 3/k, and let ~x be any cover
of X by open balls of radius 1/2k.

If v(f,e) = sup{|f(z) — f(z)] | d(z,z’) < €}, then we easily get

e US/R)p, (S, 7, f,ak)(y) < gn(S,, f,00) (¥),
so that, by Lemma 1.1,
e (H8/M)p, (8, f, ) (y)
< gn(8,m, f,00)(y) < Qn(S,, £, 1/k)(y)
< Pn(S’ [, l/k)(y) < pn(S, ., f, ’Yk)(y)'

By Lemma 1.2, {y € Y|lim,,—.oco n ! log pn (S, 7, f, ax)(y) exists} is a total proba-
bility set Y} for each k. At points of [y, Yx we can first take limsup,,_,, in the
above string of inequalities and then liminf, .o, and use Corollary 1.1. [

We note that in the conclusion of Proposition 1.4 the set Yy can be different
from Y. The reason is that if y is a point in Yy and we put f = ¢on for ¢ € C(Y),
then limp 0o n™1 Y770 ¢(T*y) exists.

We now consider invariance properties of relative pressure.

PROPOSITION 1.5. For each f € C(X) andy € Y we have P(S,w0 S, f)(y) =
P(S,m, f)(y)-

PROOF. The fibre of w0 S over y is the set (10 S)~1(y) = S~1m~!(y). Let E be
an (n,€)-separated subset of 77 1(y). For each r € E choose one point from S~ 1z
and let E’ denote the collection of these choices. Then E’ is an (n+ 1, €)-separated
subset of (m 0 §)~1(y). Therefore

Pn(Sy , f, 5)(y) < Pn+1(S,7l' o S, f, e)(y)e"f",
and hence

P(S,m, f)(y) < P(8,708, f)(y)-

Now suppose B is an (n, €)-separated subset of S~!n~!(y). Then SB C 7~ (y).
Let A denote a maximal (n—1,¢/2)-separated subset of SB. For each a € A choose
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some b € BN S~'a. Let {by,...,bx,} be the points chosen in this way. Then
A= {Sby,...,Sbg, }. Let b€ B. Either Sb € A and therefore Sb = Sb; for some 1,
or Sb# A and there exists b; with maxo<;<,—2 d(S?Sb, $7Sb;) < €/2 since A was
chosen to be maximal. So for each b € B there is some b; with d(S7b, S7b;) < /2
for 1 < j < n—1. Let d(¢) denote the maximum number of e-separated points in
X. For each b; the set {b € B|d(S7b,S7b;) < /2, 1 < j < n— 1} is e-separated
and so consists of at most d(¢) points. If

v(f,€) =sup{|f(z) - f(2')] |d(z,2') <&},

then
> exp(Saf)(z) < d(e) > exp(Sn—1)(2) exp(|fI| + (n — 1)v(f,¢)).
T€B zEA

Therefore

Pu(S,m0 8, f,e)(y) < d(e) exp(||f]| + (n — D)v(f,€)) Pn1r(S, 7, f,/2)(y)

and hence

P(8,m0 S, f)(y) < P(S,m fly). O
We clearly also have P(S,w, fo S)(y) = P(S,m, f)(y) Yy €Y, Vf € C(X).
PROPOSITION 1.6. For each f € C(X) and eachy € Y we have

P(S,m, f)(y) < P(S,m, )(Ty).
PROOF. Since (10 S)~1(Ty) = n~ 1T~ 1Ty D n~ly, we clearly have
P(S,m0 8, f)(Ty) 2 P(S,7, f)(y).
The result follows from Proposition 1.5 [

COROLLARY 1.2. The set {y € Y|P(S,, f)(Ty) = P(S,~, f)(y) Vf € C(X)}
15 a total probability set for T. Hence P(S,w, f)(y) is constant a.e. with respect to
each ergodic measure.

One can construct examples where P(S,m, f)(Ty) # P(S,n, f)(y) for some
points y, but we do have the following result.

PROPOSITION 1.7. Suppose that y € Y s such that S maps 7~ 1(y) onto
7~ 1(Ty). Then P(s,, f)(Ty) = P(S,m, f)(y).

PROOF. Let E be an (n, ¢)-separated subset of 7~!(Ty). Using the assumption
on S, for each z € E choose some point 2’ € S~'zNn~ly. Let E’' denote the
collection of these points. Since E’ is an (n + 1,¢)-separated subset of m~1(y), we
have

Pa(S,m,f)(Ty) < exp(|| 1) Pr+1(S,m, f)(y)-

Therefore

P(S,m, f)(Ty) < P(S,m, )(y).

The opposite inequality is given by Proposition 1.6. 0O
The following result gives the behaviour of relative pressure under conjugacy.
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PROPOSITION 1.8. For i = 1,2 let X;,Y; be compact metric spaces, and let
Si: X; - X;, T;: Y; = Y;, m: X; — Y, be continuous and satisfy m;(X;) = Y; and
m;S; = Tim;. Suppose U: X; — X3, and V: Yy — Y, are homeomorphisms such
that mU =V, USy = SoU, VTy = ToV. Then for each f € C(X1) andy € Y1
we have

P(Sl’ﬂ-laf)(y) = P(S2,7T2,f o U—l)(Vy)

The proof is an easy exercise.
In Theorem 4.6 we give a formula for P(S,n, f)(y) when S and T are both
subshifts.

2. Some relative pressure functions. In thissection S: X - X, T: Y - Y
will again be continuous transformations of compact metric spaces and 7: X — Y
will be a continuous surjection with 7S = T'wr. We shall study a maximal relative
pressure function W: C(X) — R and, for each m € M(Y,T), a relative pressure
function W,,: C(X) — R.

For f € C(X) let

W(S,n, f) =sup {/P(S,ﬂ', f)dm|m € M(Y,T)} .
By the relative variational principle we have

W(S,r, f) = sup {h,t(sm + [ faune Mex, S)} .

From now on we shall write W(f) instead of W(S,n, f). We shall assume that
W(f) is finite for all f € C(X). By Lemma 2.1 this is equivalent to assuming
M(0) is finite. Since W (0) = sup{h,(S|r)|p € M(X, S)}, this assumption implies
hu(S|T) < 0o Vu € M(X,S). This assumption will hold when A(S) < co. We
therefore have defined a map W: C(X) — R, and the elementary properties of this
map are given in the following result. The proofs follow along the same lines as the
corresponding properties of pressure [Wg, p. 214].

LEMMA 2.1. (i) f < g implies W(f) < W(qg).

(i) W: C(X) — R 1s continuous (in fact W (f) —W(g)| < |If — gll)-
(iii) W: C(X) — R 1s convex.

iV)yW([f+c)=W(f)+cVfeC(X) YceR.

(V) W(f+goS—g)=W(f) VfgeC(X).

The following lemma gives a condition under which the assumptions of Theorem
2.1 will hold.

LEMMA 2.2. IfS: X — X 13 expansive (either an expansive homeomorphism
or a positively ezpansive continuous map), then the relative entropy map h(S|t):
M(X,S) — R, defined by p — h,(S|r), is upper semicontinuous.

PROOF. By considering natural extensions it suffices to consider the case when
S is an expansive homeomorphism and 7T is a homeomorphism. Let {ux}$° be a
sequence in M (X, S) with ur — u. Let £ be a finite partition of X with u(9¢) =0
and such that & is a generator with respect to each member of M(X,S). (See
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Lemma 8.5(ii) and Theorem 5.25 of [W3].) Since, for each v € M(X,S), we have
hy(S|T) = hu (S|, €) and

hU(S|Ta S

(\/ S~ n? ) Yn > 1,

SI'—‘

we can reason as follows.

S|

hl‘k (SlT) = hl"k (SlTi <

H,, <\_/ “‘5/7r‘15y> Vn > 1.

Now let k£ — oo to give
n—1
limsup hy, (S|7) < lHM (V S_if/ﬂ_ltiy) ,
k—c0 n i=0

by Lemma 3.2(ii) of [L,W].

If we now let n — oo we get limsupy_, o hy, (S|T) < hu(S|7). O

The following result is a relativized version of a theorem of Ruelle ([R, p. 115];
see also [W3, p. 222]).

THEOREM 2.1. Let ug € M(X,S) and suppose the relative entropy map p —
hu(S|T) is upper semicontinuous at pg. Then

hyo(Slr) = inf {W(g) ~ [ odulo€ C(X)} .
PROOF. We have
W(g) > huo(Slr) + / gduy Vg e C(X),

so that W(g) — [ gduo > hu,(S|7). Hence

inf {W(g) - [odulg € CCO} 2 (St

To prove the converse, choose b > h,,(S|T). Consider
C = {(u,t) € M(X,S) x R|0 <t < hu(S|1)}-

The set C is convex by Lemma 3.2(iii) of [L,W]. Consider C as a subset of C(X)* x
R, where C(X)* has the weak*-topology. By the assumption on uo we have (uo,b) ¢
C, where C denotes the closure of C. Since C and {(uo,b)} are disjoint closed
convex sets, there is a continuous linear functional F: C(X)* x R — R such that
F(u,t) < F(uo,b) ¥(u,t) € C. We know F has the form F(u,t) = [ fdu + ta for
some f € C(X) and some a € R. Therefore

/fdu +ahy(Slr) < /fduo +ab Ve M(X,S).
Putting u = po gives a > 0. Dividing by a gives

h(Slr) +§/fdu < g/fduo +b Vue M(X,S),
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so W(f/a) < [ f/aduo + b. Therefore W(f/a) — [ f/aduo < b, so that

it {W(0)~ [ gduolo € COO} < (Sl

Recall that a tangent functional to W at f is a finite signed measure u: B(X) —
R such that W(f +g) = W(f) > [gdu Vg € C(X). Let Wy denote the collection
of all tangent functionals to W at f. The Hahn-Banach theorem implies that Wy
is nonempty.

THEOREM 2.2. Let f € C(X). Then

i) Wy C M(X,S).

(i) If u € M(X,S) and hy(S|T) + [ fdu=W(f), then u € Wy.

(iii) Suppose the map u — h,(S|T) is upper semicontinuous at all members of
Ws. If p is a signed measure on X, then u € Wy off p € M(X,S) and h,(S|T) +
[ fu=W().

PROOF. (i) Let u € Wy. To show that u takes nonnegative values let g € C(X)
with g > 0. We have

[odu=- [ ~gdu> -W(s -9 +W(5) 2 -W ()~ int gl + W(1) 20

Therefore [ gdu > 0 and p takes nonnegative values. We have u(X) = 1, because
for any integer n (positive or negative) [ndu < W(f +n) — W(f) = n. Finally,
we have u € M(X, S), because for any integer n

n [(@o5-0)du<W(S +nlgos-g) - W(f) =0,

/goSdﬂ=/gdu.

(ii) If p € M(X,S) and h,(S|7) + [ fdu = W(f), then
W(f +0)— W(f) 2 hu(SIr) + / (f +9) dt — hy(Slr) - / fdu= / gdu.

Hence u € Ws.
(iii) It remains to show, under the assumed condition, that if 4 € M(X,S) N Wy
then h,(S|T) + [ fdu =W(f). We have

W +9) —/(f+g)du > W(f) —/fdu Vg € C(X),

so by Theorem 2.1 h,,(S|7) > W(f) — [ f du. Therefore h,(S|T)+ [ f du > W(f),
and the opposite inequality is clear. [

We know from Lemma 2.2 that the assumptions of Theorem 2.2(iii) hold when
S is expansive.

It seems reasonable to call a measure that attains the supremum in

sup { hu(Slz) + [ fdul € M(X, 5)}

a relative equilibrium state for f. Theorem 2.2 implies that when the relative en-
tropy map is upper semicontinuous the relative equilibrium states for f are precisely
the tangent functionals to W at f.

We shall use the following corollary in the next section.

so that
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COROLLARY 2.1. Suppose the relative entropy map, u — h,(S|t), is upper
semicontinuous on M(X,S). If p € Wy and u = [vdr(v) is the ergodic decompo-
sition of p, then T-almost all v belong to Wy.

PROOF. By Theorem 2.2 we have W(f) = hu(S| )-+- f f du and, using Lemma
3.2(iii) of [L,W], this gives W(f) = [[h.(S|7) + [ f dv]dr(v). Since the integrand
is majorised by W (f), the result follows. O

We would like to note the following fact.

THEOREM 2.3. Suppose that S has finite topological entropy and T has the
property that every ergodic member of M(Y,T) is an equilibrium state of some

member of C(Y). Then for each f € C(X)
W(f) =sup{P(S, f+¢om) - P(T,¢)l¢ € C(Y)}.

PROOF. From the finiteness of the topological entropy of S we know that the
pressure functions P(S,-), P(T,-) are finite valued. Let

Q(f) =sup{P(S,f + dom) — P(T,¢)l¢ € C(Y)}.

Let ¢ > 0. Choose ¢. € C(Y) with Q(f) < P(S,f + ¢ o) — P(T, ¢.) + € and
then, using the relative variational principle, choose m. € M (Y, T) with

P(S,f+¢ecom) < hm (T /<z$5dmE / (S,m, f)dm. + €.

Then Q(f) < [ P(S,m, f) dm. + 2¢, so that Q(f) < W(f). To prove the converse,
we use the assumption about equilibrium states of T. By the relative variational

principle
sup <hm(T) +/¢dm+/P(S,7r, f dm) — P(T, ¢)
meM(Y,T)

Q(f)= sup
> sup {/P(S, m, f)dm|m is ergodic and m € M(Y, T)}

$€C(Y)

=W(f). O

It is known that when T has finite topological entropy and its entropy map,
m — hy,(T), is upper semicontinous on M(Y,T) then every ergodic member of
M(Y,T) is an equilibrium state of some member of C(Y) [R, p. 116]. (See also
Corollary 3.2(ii) of this paper for an outline of the proof.) This holds when T is
expansive (in particular, when T is a subshift).

One can also study other relative pressure functions. For each m € M(Y,T)
we can define W,,: C(X) — R by W,,(f) = [P(S,7,f)dm. By the relative
variational principle we have

Winl 1) = sup {hu(Sr) + [ Fdil € M(X.S) and o =}
We have the following results corresponding to Theorems 2.1 and 2.2.

THEOREM 2.4. Letm € M(Y,T) and let M,,,(X,S) = {u € M(X, S)|uon~1 =
m}. Let ug € My (X,S). If the relative entropy map u — h,(S|t) restricted to
M. (X, S) is upper semicontinuous at ug, then

hyo (S|r) = in {wm(g) - [aduslo € cx)}.
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The proof follows the same lines as that of Theorem 2.1. In the second part of
the proof the set C is replaced by

Crm = {(1,t) € Mim(X, S) x RIO < t < hy(S|1)}.

THEOREM 2.5. Letme M(Y,T) and f € C(X).

(i) All tangent functionals to Wy, at f are in M, (X, S).

(ii) If 0 € Mn(X,S) and hy(S|r) + [ fdu = Wn(f), then p is a tangent
functional to Wy, at f.

(iil) Suppose the map p — h,(S|T), restricted to Mm(X, S), 18 upper semicontin-
uous at all tangent functionals to Wy, at f. If u 1s a signed measure on X, then y s
a tangent functional to Wy, at f iff u € Mn(X, S) and h,(S|r) + [ f du = Wi (f).

The proof has only slight changes from that of Theorem 2.2. In (i) we have to
show that a tangent functional p to W,, at f satisfies pom~! =m. Let ¢ € C(Y).
Then

[bomdu <Wan(s +80m) - Wan(s)
- /[P(S,n,f +éom) = P(S,m, f)]dm
= / ¢dm by the ergodic theorem.

Therefore [ ¢dpon~! < [ ¢dm V¢ € C(Y), and therefore [ ¢duon1 = [$dm V¢
€ C(Y). Hence pom~1 =m.

The rest of the proof of Theorem 2.5 is like that of Theorem 2.2. Note that
if S is expansive, then the conditions of (iii) hold, so that Vm € M(Y,T) and
Vf € C(X) the tangent functionals to W,, at f are exactly those members of
M (X, S) with hy(S|T) + [ f du = Win(f). We define relative equilibrium states
of f over m to be those measures that project to m and attain the maximum in
sup{h.(S|t) + [ f dv|v € Mn(X, S)}.

We also note that W, can be used to characterise M,,(X, S). Let m € M(Y,T)
and let 4 be a finite signed measure on (X, B(X)). Then u € M,,(X, S) if and only
if [fdu<Wpn(f)Vfe€ C(X). This is a relativised version of a result of Ruelle.

One can also show that if y is a finite signed measure on (X, B(X)) then u €
M(X,S) if and only if [ fdu <W(f) Vf € C(X).

3. Compensation functions. In this section we shall consider the situation
where S: X - X and T: Y — Y are both subshifts and #: X — Y is a continuous
surjection with 1o S = T ox. To say that S: X — X is a subshift means that
X is a shift-invariant closed subset of Q) = {1,2,...,k}Z for some k > 1 and
S is the restriction of the shift to X. A point of X is written z = (z,), and
Sz = 2, where z}, = z,41 Vn € Z. The set {1,2,...,k} is called the symbol set
for X. Similarly, Y is a closed shift-invariant closed subset of (1, = {1,2,...,1}?
for some | > 1, and T is the restriction of the shift to Y. A continuous surjection
m: X — Y with #S = T'7 has the following form: there are integers p < ¢ and
amap 0: {1,2,...,k}9 P+l — {12 .../} such that the jth coordinate of 7(z)
i8 0(zp4s,.--,Tq4;) V7 € Z, Yz € X [H]. Such maps 7 are often called codes.
Although we consider two-sided subshifts, the results of this section also hold for
one-sided subshifts.
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By a block in X we mean a finite string of symbols (ao,...,at) such that there
is some z € X with z,, = a,, 0 < n < t. If p < ¢ are integers and a, €
{1,2,...,k}, 1 <n < g—p+1, then plas,...,aq-p+1], denotes the set {z €
X|zn = @nt1-p,p <n < g} Such a set is called a cylinder set.

If 7 is such that the zeroth coordinate of n(z) depends only on zg, we say =
is a 1-block map. For any code m we can always construct another subshift X’
and a homeomorphism H: X — X' such that 7 o H~! is a 1-block map. To
do this (using the notation 6, p,q above), we take the symbol space for X’ to be
the set {1,2,...,k}97P*! and define H by letting the jth coordinate of H(z) be
(Tp45s Tptjtis---rZqtrs) € {1,2,...,k}97P+1 The set X’ is then defined to be the
image of H.

Our aim in this section is to show there exists F € C(X) with P(S,F + ¢ o)
= P(T,¢) V¢ € C(Y), when S,T are subshifts. We call such a function F a
compensation function. This result is motivated by the work of Boyle and Tuncel,
who showed that such functions are related to how members of M (Y, T) lift, by ,
to members of M(X,S) [B,T, Theorem 3.6]. To show the existence of F, we shall
use the function W: C(X) — R introduced in §2. We need the following result of
Marcus, Petersen and Williams.

LEMMA 3.1 M,P,W]|. IfS: X > X, T:Y - Y are subshiftsandm: X - Y
1s a continuous surjection with mo S = T o, then there is a closed subset X1 of X
such that SX; = X, and 7|x, s bounded-to-one and maps X; onto Y.

PROOF. By the above discussion we can assume 7 is a one-block map. For
each symbol ¢ of Y fix a linear order on the set 7~ 1(c) of symbols of X. These
orderings give a natural lexicographical order on the set 7=1(w) for each block
w of Y. For an n-block w = (wy,...,w,) in Y and two symbols a,b of X with
m(a) = wy,n(b) = wy, let U(w;a,b) denote the n-block (a,z2,z3,...,Zn-1,b) in
7~ !(w) which is smallest in the order on m~1(w), if such a block exists; otherwise
put U(wj;a,b) = ¢. Let X be the subshift determined by the collection of all blocks
of the form U(wj; a, b); i.e., z = (zn)%,, € X1 if whenever j < n the (n—j+1)-block
(zj,Zj+1,---,Zn) is a set of the form U(w;a,b). It is clear that X\ X; is open, and
that SX; = X;.

To see that 7(X;) =Y, let y = (yn) be any point of Y. For each n > 1 choose
any point z(™ € X such that (a:(_",z,:v(_"()n_l), . ,xﬁl")) is smallest in the order on
7~ Y(Y_n,...,Yn). Choose a convergent subsequence {z(")} in X and denote the
limit by z. By construction of z(™) we have m(z(™)) — y, and so 7(z) = y. We
have z € X;, because if 7 < n, then (z,,...,z,) is a subblock of (:c(f\,’@,...,mgy))
for some large N, and hence (zj,...,2n) = U((y;, ..., Yn); Tj, Tn).

We now show that w|x, is bounded-to-one. Let y € Y. For each n > 1,
7Y y—n,...,Y¥n) N X1 is a union of at most k2 blocks in X of length 2n + 1 (where
k is the number of symbols in X). Hence 7~!(y) contains at most k? points of
X 0O

COROLLARY 3.1. Let X; be the set obtained in Lemma 3.1. For every ¢ €
C(Y) we have P(S|x,,¢o7|x,) = P(T, ¢).
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PROOF. Since m; = w|X; is bounded-to-one we have, h,(S|x,) = hyoﬂ.l—l(T)
for every u € M(X,,S|X1) [P,T, p. 56]. The result follows from the variational
principle. 0

From now on suppose that X is a chosen subset of X with the properties listed in
Lemma 3.1. All the remaining results in this section hold when §: X - X, T: X —
Y are homeomorphisms of compact metric spaces with finite topological entropy
and with upper semicontinuous entropy maps, provided we assume there is a closed
subset X; of X with SX; = X;, nX; =Y and 7|x, a bounded-to-one map.

We now bring in the function W: C(X) — R studied in §2.

LEMMA 3.2. For f € C(X) satisfying f = 0 on X;, the following conditions
are mutually equivalent.

(i) f 73 a compensation function.

(i) W(f) =0.

(iii) W(f) <o0.

PROOF. The implication (i)=>(ii) follows from Theorem 2.3. Since the implica-
tion (ii)=>(iii) is clear, we only need to show (iii) implies (i). Assume W(f) < 0.
From Theorem 2.3 we have P(S, f + ¢ o) < P(T, ) V¢ € C(Y). However

P(S,f+¢07'l’) 2> P(Slxn(f'l'd’oﬂ')lxl) = P(S|Xu¢°ﬂ'|x,) =P(Ta¢)y

so that P(S,f+¢om) = P(T,¢) Vo C(Y). O

We shall find a function f € C(X) with f = 0 on X; and W(f) < 0 by using
the following special cases of a theorem of Israel. (Markley and Paul have used a
version of Israel’s theorem to deal with a related problem [M,P].)

LEMMA 3.3 [I, p. 115]. Let X be a compact metric space, and let W: C(X)
— R be convez and continuous. Suppose N 1s a closed cone in C(X) with apex
0. Let fo € C(X) and let uo € M(X) be W-bounded (i.e., 3¢ € R such that
[gdpo < c+W(g) Vg € C(X)). For each € > 0 there exists f € C(X) and
w € C(X)* such that

(i) fefo+ N,

(ii) p 1s a tangent functional to W at f,

(iii) fhdu > [ hduo —€|lh|| Vh e N.

We shall use this result with N = {h € C(X)|h = 0 on X; and h < 0}. Note
that any po € M (X, S) is W-bounded since

W(9) 2 huo(Slr) + [ gduo > [ gduo
We can now prove the main result of this section.

THEOREM 3.1. LetS: X - X, T:Y — Y be subshifts and letn: Y - Y bea
continuous surjection with moS = T om. There exists F € C(X) (actually F € N)
which 18 a compensation function.

PROOF. By Lemma 3.2 it is enough to find some f € N with W(f) < 0. Apply
Lemma 3.3 with fo =0, uo € M(X1,S|x,) and € < 1. There exist f € N and
p € Wy such that [hdu > [hduo — ¢||h| Yh € N.

We first show that u(X;) > 0. For each n > 1let U, = {z € X|d(z, X;) < 1/n},
where d is a metric on X. Choose h, € C(X) such that h, =0 on X, h, = -1
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on X\Up, and hn(z) € [-1,0] Vz € X. Then h, € N and —u(X\U,) > [ hpdu >
[ hnduo — € = —¢. Therefore u(X\U,) < € ¥n > 1, so that u(X;) > 1 —e¢.

By Corollary 2.1 we can choose some yu; in the ergodic decomposition of u so
that u; € Wy and p1(X1) > 0. Since p; is ergodic, u1(X1) = 1. Since u; € Wy, we
have, by Theorem 2.2,

W(F) = hur (S) = hyyon-1 (T) + / fdu

= h#l(SIXx) - hu;O?r“(T) + X fdﬂl

=0 since 7|x, is bounded to one and f =0 on X;. O

Recall from Theorem 2.2 that the tangent functionals to W at f are the relative
equilibrium states of f.

THEOREM 3.2. We can choose a compensation function F; € C(X) with the
additional properties:

(1) wFl = M(Xla S'Xl)’

(i) Vo € C(Y) the equilibrium states of Fy + ¢ o m with respect to S are ezactly
the equilibrium states of ¢ o m|x, with respect to S|x, .

PROOF. We have constructed a compensation function F € N. Choose F; € N
so that Fy(z) < F(z) Vz ¢ X;. Then W(F;) < W(F) =0, so, by Lemma 3.2, F} is
a compensation function and W (F;) = 0.

(1) If w € Wr, and p(X;) # 1, then

0= W(Fy) = hy(Slr) + /F1 du < hu(Sl7) + /qu <W(F)=0.

Therefore u(X;) = 1. Hence Wr, € M(X1, S|x,). The opposite inequality is clear.
(ii) If u is an equilibrium state for Fy + ¢ o m and u(X;) # 1, then

P(T,d))=P(S,F1+¢o7r):h#(S)+/F1du+/¢>o7rdu
<hu(S’)+/qu+/¢o7rd,u§P(S,F+d>o7r)=P(T,¢).

Therefore u(X;) = 1, and u is an equilibrium state for ¢ o m with respect to S|x,.
The converse is clear. [

We now consider some equivalent conditions for a function F' € C(X) to be
a compensation function. Although we state the results for subshifts S, T, the
results are valid when S and T each have finite topological entropy and upper
semicontinuous entropy map. We shall use the following generalisation of a result
of Israel.

LEMMA 3.4. Suppose F € C(X) is gwen. If m € M(Y,T) is ergodic there s

some p € M(X,S) with por™! = m and p s an equilibrium state of F + ¢pom for
some ¢ € C(Y).

PROOF. Let ug be any element of M(X,S) with ug o 7~! = m. By applying
Lemma 3.3 to the pressure P(S,:): C(X) — R, with N = {porm|¢p € C(Y)}, fo =
F,and ¢ = %, there is 4 € M(X,S) which is an equilibrium state of F + ¢ o
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for some ¢ € C(Y) and |[pon~! —m| < 3. Let p = [vdr(v) be the ergodic
decomposition of y. Then por~! = [pd(ro7~1)(p) is the ergodic decomposition
pom~1, where #: M(X,8) — M(Y,T) is the map induced by 7. But |juor~1-m| =
[ro&=—6m|l < 4 (see p. 167 of [R]), so that (ro&~1)(m) > 0. Since 7(7~1m) > 0
and the set of equilibrium states of F + ¢ o is a face of M(X,S) [R, p. 51], we
conclude that some lift of m is an equilibrium state of F + ¢on. O

COROLLARY 3.2 [I, p. 117]. (i) If m € M(Y,T) s ergodic, there exists some
€ M(X,S) which is an equilibrium state of some function pom, ¢ € C(Y), and
pomr~l=m.

(ii) Every ergodic m € M(Y,T) 1s the equilibrium state of some ¢ € C(Y).

PROOF. (i) Put F =0 and apply Lemma 3.4.
(ii) Put X =Y, S =T and 7 = id. This is the result of Israel we used in the
proof of Lemma 3.2. [

THEOREM 3.3. Let S: X — X, T:Y — Y be subshifts, and let m: X — Y be
a continuous surjection with moS = T on. For F € C(X) the following conditions
are equivalent:

(i) F s a compensation function.

(ii) [ P(S,m, F)dm =0Vme M(Y,T).

(iii) {y € Y|P(S,, F)(y) = 0} is a total probability set for T (i.e., has measure
one for each m € M(Y,T)).

PROOF. Assume (i) holds. We shall show [ P(S,, F)dm = 0 for every ergodic
m € M(Y,T). Since each ergodic m is the equilibrium state of some ¥ € C(Y) and
we know

sup{hp(T)+ /P(S,W,F)dp+/¢dp'p€M(Y,T)}
=sup{hp(T)+/tbdp’pGM(Y,T)},

we must have [ P(S,%,F)dm < 0 for all ergodic m € M(Y,T) and hence for all
m € M(Y,T). By Lemma 3.4 we know that for each ergodic m € M(Y,T) there is
some p € M(X, S), which is the equilibrium state of F + ¢ o 7 for some ¢ € C(Y),
such that g o7~! = m. Then we have

P(S,F +¢om) = hm(T)+/¢dm+/P(S,1r,F)dm

< hn(T) + /¢dm < P(T,¢),

and since P(S,F + ¢ox) = P(T, $), we conclude that [ P(S,n, F)dm = 0. There-
fore (ii) holds.

If we assume (ii), then since P(S,r, F) is T-invariant we have P(S,m, F) = 0
a.e. for every ergodic member of M(Y,T) and hence for every member of M(Y,T).
Hence (iii) holds.
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Now suppose (iii) is true. Then, if ¢ € C(Y),
P(S,F + ¢om)=sup {hm(T) + /P(S,ﬂ,F) dm + /(,bdm‘ me M(Y,T)}

=sup{hm(T) + /¢dm

One relationship between compensation functions and equilibrium states is the
following result of Boyle and Tuncel.

me M(Y, T)} =P(T,¢). O

COROLLARY 3.3 [B,T|. Suppose F € C(X) is a compensation function. Let
¢ € C(Y). If u is an equilibrium state for F + ¢om, then pomw™! is an equilibrium
state for ¢.

PROOF.
P(T,¢) = P(S,F +¢om) = h”(S)+/qu+/¢o1rdu

=sup{hm(3)+/qu1+/¢07rdmlu1°7r“ =uo7r”‘}

= huoﬂ-—l(T) + /P(S,ﬂ,F)duOﬂ'—l + /d)le/Oﬂ’_l
by the relative variational principle
= hyor-1(T) + /qﬁdu om~! by (ii) of Theorem 3.3. O

We can sharpen the above result to obtain

COROLLARY 3.4. Suppose F € C(X) is a compensation function. Let u €
M(X,S) and ¢ € C(Y). Then p is an equilibrium state of F + ¢om iff pomw™! s

an equilibrium state of ¢ and u is a relative equilibrium state of F' over pon~1.

1

PROOF. If u is an equilibrium state of F + ¢ on, then pon~! is an equilibrium

state of ¢ by Corollary 3.3. Also,
hulSIr) + [ Pl hyor s (1) + [ 6duon™ = PS,F+60m),
s0, by the relative variational principle, u is a relative equilibrium state of F over
-1
pom1L,

Conversely, if u is a relative equilibrium state of F over pon~! and pon~
an equilibrium state of ¢, then

hu(S)+/qu+ /q&o7rd,u

=h,,(SIT)+/qu+h#°,,_1(T)+/¢dp,o7r_l

1is

=/P(S,7T,F)d,uo7r_1-+-h,w,r-1(T)+/¢duo7r_1

— hyor1(T) + /d)duow‘l — P(T,$) = P(S,F + ¢or).
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Therefore i is an equilibrium state of F + ¢ow. [
When we have a compensation function in C(Y), there is a fourth equivalent
condition:

THEOREM 3.4. Let S: X — X, T:Y — Y be subshifts, and let m: X - Y
be a continuous surjection withmo S =T ow. For G € C(Y) the three equivalent
statements in Theorem 3.3 (with F replaced by G o m) are also equivalent to

(iv) fP(S,7,0)dm = - [Gdm Yme M(Y,T).

PROOF. If (iv) holds, then for ¢ € C(Y) the relative variational principle gives
P(S,Gom+¢om)

— sup {hm(T) + /P(S, ,0) dm + /(G +4) dml me M(Y,T)}
= sup {hm(T) + /q&dm' me M(Y,T)} = P(T, ¢).
Therefore G o 7 is a compensation function.

Now suppose G o 7 is a compensation function. For every ergodic member of
M(Y,T) we have

n—1
P(S,1,G om)(u) = P(S,m,0)y) + lim 3 3 G(T%) ae.
1=0

By (ii) of Theorem 3.3 we have 0 = [ P(S,,0)dm + [ G dm for every ergodic m
and hence for all me M(Y,T). O

When we know G o7, for G € C(Y), is a compensation function then Corollary
3.3 asserts that, for any ¢ € C(Y) and any equilibrium state u for Yo, pon1!
is an equilibrium state for ¥ — G. (Put ¢ = ¥ — G in Corollary 3.3.) Corollary 3.4,
in the case when G o 7 is a compensation function for some G € C(Y), says the
following. Let ¢ € C(Y) and u € M(X,S). The measure p is an equilibrium state
of Yom iff pomw=! is an equilibrium state of 9 — G and u is a measure of maximal
relative entropy over u o m~1. The last statement means

h,(S|7) = sup{h.(S|r)lv € M(X,S) and vor~! = por1}.

4. Compensation functions and equilibrium states for subshifts of
finite type. In this section both S: X — X, T: Y — Y will be topologically
mixing subshifts of finite type and 7: X — Y will be a continuous surjection with
moS = T on. We shall relate compensation functions to equilibrium states and
discuss different types of quotient maps m. We get a new way of viewing some of
the results of [B,T].

For convenience we shall assume our subshifts of finite type are of order one.
This means that if {1,2,...,k} are the symbols for X then there is a k X k matrix
A = [a4j], with a;; € {0,1} for each ¢, 7, such that X consists of all bisequences
(Tn) % With az,z,,, =1Vn € Z. Similarly, Y is defined by a 0-1 matrix B. If X
or Y is a subshift of finite type of higher order, the results of this section remain
valid; only the condition (*) below needs restating slightly. Recall that S: X — X
is topologically mixing iff there is some integer p > 0 with AP having all of its
entries strictly positive.
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For a topologically mixing subshift of finite type, S: X — X, there is a large
subset of C(X) consisting of functions with unique equilibrium states. We now sum-
marise what we need from this theory. For z = (z,)®,, € X we let z+ denote the
one-sided sequence z+ = (zo,z1,Z2,...). Let X+ denote the collection of all these
points. If (a_n,...,a_1) is a block of symbols so that (a_n,...,a_1, o) is allowed
in X, then (a_p,...,a_1,2%) denotes the one-sided point (a_n,a_(n_1),...,0-1,
To,T1,Z2,...). A function f € C(X) is called a one-sided function if f(z) = f(z')
whenever z,, = z,, ¥Yn > 0. It then makes sense for f to be evaluated on one-sided
sequences (zg,Z1,...). Two functions f1, fo € C(X) are said to be cohomologous
if there exists h € C(X) with fy — fo=ho S — h.

We now define a class of functions 7(X). We say f € F(X) if f € C(X) and f
is cohomologous to a one-sided function fy which satisfies the following condition:
(¥) C(zt,zt) = sg;; [sup { Z (folazs,...,az1,27) = fola—s,...,a—12%))

n

i=1

(a—n,-..,a_1,20) is an allowable block in X}}

exists when z¢ = 2o, is bounded above by a constant Cy,, and Cy,(z%,2%) — 0 as
d(z*,z*) — 0. (Here d is a metric on X+.)

Then #(X) is a linear subspace of C(X) and is dense in C(X) since it contains
all functions depending on only finitely many coordinates of X. The space 7(X)
includes all f with var,(f) < Ca™ (0 < a < 1), studied in [B, R}, and the one-sided
functions with ) o | var,(f) < oo studied in [W;]. We have f € F(X) implies
foS,foSte F(X).

Recall that for 4 € M(X,S) the information function I,,: X — R is defined,
almost everywhere, by I, = I,,(A/S~14), where A is the o-algebra generated by
the positive coordinates. In [L, W1, W3] the case when I,, has a continuous version
was studied. As we note below in Proposition 4.1, we shall be interested in measures
u for which I, has a continuous version, and then I, will denote the continuous
version. A Markov measure for S is a p € M (X, S) for which I, has a continuous
version depending on only a fixed finite number of coordinates of x € X. Markov
measures are precisely those measures which are equilibrium states of functions
depending on a finite number of coordinates (see Proposition 4.1(iii)). Under this
definition the support of a Markov measure on X is the whole of X. We have the
following results: the proofs can be found in [R, B, L, Wy, W3].

PROPOSITION 4.1. Let S: X — X be a topologically mizing subshift of finite
type. Let f € F(X). The following statements hold:

(i) The function f has a unique equilibrium state py.

(i) The measure ps is the only S-invariant probability with the property that
there are constants a, f > 0 satisfying

a < uf(o[zos- -y Zn-1)n-1)exp(nP(S, f) — (Snf)(z)) < B VYn>1, Vre X

(iii) The function I,, has a continuous version which is a one-sided function
satisfying condition (). There is a constant ¢ such that f s cohomologous to
c—1I,,. Also P(S,-1,,) = 0, so that c = P(S, f). If f depends on only finitely
many coordinates, then so does I,,.
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(iv) If f,g € F(X), then ug = pg iff 3c € R such that f is cohomologous to g+c.

On the space Y we have the family #(Y), and = relates #(Y) and 7(X) as
follows.

LEMMA 4.1. If¢ € F(Y), then pom € F(X).

PROOF. Choose p < 0 so that the zeroth coordinate of w(SPz) depends only on
the coordinates (zg, Z1,Z2,...). Then the zeroth coordinate of 7(SPz) has the form
6(zo,...,z1—1) for some . It suffices to show that ¢ € F(Y') implies pomo SP €
F(X). We know ¢ is cohomologous to a one-sided function ¢g with Cg, (y*,ut) — 0
asd(y*,ut) — 0. Then ¢pomoSP? is cohomologous to ¢gomoSP, which is one-sided,
and

C¢oo,,os»(z+,z+) < C¢o + 2l||¢0|| if xg = 20,

and
Cioomose(zF,27) < Cyy (nSPzH,wSP2T) if (20,...,71) = (20,---,21)-
Therefore ¢g o m o SP satisfies condition (), and hence pomo S? € F(X). O

COROLLARY 4.1. IfS: X - X and T: Y — Y are topologically conjugate by
a homeomorphism ®: X — Y, then f € F(X) iff fo® 1 € F(Y).

We use Greek letters such as ¢ for members of C(Y), and if ¢ € 7(Y) we denote
its unique equilibrium state by m,. We denote elements of C(X) by f,g,h, etc.;
and when f € ¥(X), we denote its unique equilibrium state by uy.

From Lemma 4.1 we know that if f € 7(X) and ¢ € F(Y) then f+¢or € F(X).

When F € 7(X), we have the following equivalent conditions for F + ¢ to be a
compensation function for some ¢ € R.

THEOREM 4.1. LetS: X — X, T: Y — Y be topologically mizing subshifts of
finite type, and let m: X — Y be a continuous surjection with oS =T on. The
following statements are equivalent for F € ¥(X):

(1) 3c € R such that ¢ + F s a compensation function.

(ii) for each ¢ € C(Y') which has a unique equilibrium state my, we have yor—1 =
mg for every equilibrium state u of F + ¢ o .

(iii) V¢ € F(Y) we have pripor 0T~ = my.

(iv) 3¢ € F(Y) with prigor o~ = my.

(v) Vo € F(Y) prigon i the unique relative equilibrium state for F over my.

PROOF. We have (i)=>(ii) by Corollary 3.3. The implications (ii)=>(iii) and
(iii)=(iv) are clear. We now show (iv)=>(i). Let ¢ € F(Y') satisfy uptgor om™ ! =
mg. In this proof (yo,...,Yn—1] means o[yo,-..,Yn—1)Jn—1. By Proposition 4.1
Vi € F(Y) there are positive constants ¢ (1), ca(v)) with

c1(¥) <my([yo,- - yn—1]) exp(nP(T, ) — (Ta¥)(y)) < c2(¥p) Vn>1Vyey,

where (T,,v)(y) means ;:01 ¥(T"y). Also there are positive constants a;(v), az(t)
so that

a1(¥) < ur+yor([To, - - -, Tn—1])exp(nP(S,F + Y o7) — (SpF)(z) — (Tu¥)(nz))
<ax(¥) VYn>1VreX.
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Therefore
a1(¥) _ pFivor([o, .., Tn-1])
a2(¢) - NF+¢O7Y(['TO’ oo ’xn‘l])
x exp(n(P(S,F + ¢ om) — P(S,F + ¢ om)) + (Tng)(rz) — (Tn¥)(rz))

< az(¥)
a1(4)
If the zeroth coordinate of m(z) depends on the coordinates (zq,...,Zq+1) of z,
then m~![yo, ..., Yn—1] is a union of blocks of length n+ [+ 1, and we have positive

constants by (¥), b2() such that

llF+1,bo7r(7r—l[y0 t 'yn—I])
b1 (¢) s llfF+d>o1r(7r_1[y0 ce yn—l])
x exp(n(P(S,F +¢om) = P(S,F + ¢om)) + (Tne)(y) — (Tn¥)(¥))
< ba(9).

Using pp4gon 071 = my, we have

b1(¢) pF+yor (T Yo, - - -, Yn—1])
2@ T (o vna)
x exp(n(P(S,F + ¢ or) — P(T,y) — P(S,F + ¢on)+ P(T,9)))
- ba)ea(9)
- oal)
So depending on the sign of P(S, F+von)— P(T,4)—P(S,F+¢on)+P(T, $),
we have either

BF+ypor(171(C)) /My (C) < ba(9h)ca(9)/c1(¥)

for all cylinder sets C or

bi(¥)e1(8)/c2(¥) < pripor(m™H(C))/my(C)

for all cylinder sets C. In the first case we have pp4yor 0 T~ < my, and in the
second case my, < UF4ypor © T~ 1; and since both measures are ergodic, they must
be equal. Therefore,

P(S,F++4om) ~P(T,y) = P(S,F +¢om) - P(T,¢) Ve F(Y),

and therefore for all » € C(Y). If we let ¢ = P(T,¢) — P(S,F + ¢ o), then c+ F
is a compensation function.

We have now proved the equivalence of (i), (ii), (iii) and (iv). Since (v) implies
(iv), it will suffice to show that (i) implies (v). This follows from Corollary 3.4. [

From (iv) we see that if we know that the unique measure with maximal entropy
for T, mg, lifts to a measure u which is the equilibrium state of some F € #(X),
then F + ¢ is a compensation function for some ¢ € R.

Notice that when we know F € 7(X) is a compensation function, then the
map my — [F+gor gives an injection from the class of all measures which are
equilibrium state of functions in #(Y') to the corresponding class for X.

In [B, T) it was shown that if we know some Markov measure u; € M (X, S)
projects to some Markov measure m; € M(Y,T), then F = —I,, + I,, o7 is a
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compensation function. We can see this from Theorem 4.1, because y; is the unique
equilibrium state for —I,, and m; is the unique equilibrium state for —1I,,,, so by
(iv) e = I, + I, o7 is a compensation function for some ¢ € R. Putting ¢ = —Iy,,
in P(S,c—1I,, + Im, o+ ¢pom) = P(T, ), we get c = 0. By applying (iii) we see
that for every Markov measure m € M(Y,T) there is a Markov measure u for S
which is the unique one such that —1I, + I, o7 is cohomologous to —1I,, + I, o .
Therefore this choice of compensation function gives an injection from the set of
Markov measures in M (Y, T) into the set of Markov measures in M (X, S). If there
is another Markov measure p2 with p o =1 = my, then —I,, + I, o is also
a compensation function, and for each Markov measure m € M(Y,T) we obtain a
new Markov lift of m. So if m;, m are both Markov measures in M(Y,T), there is
a natural bijection between the set of Markov measures in M (X, S) that project to
m; and the set of Markov measures in M (X) that project to m. The same results
hold with the classes of Markov measures on X and Y replaced by the classes of
equilibrium states of functions in 7(X) and F(Y). All these observations were
made in [B, T.

When the map = is finite-to-one, we have the following result of Tuncel. (When
S, T are topologically mixing subshifts of finite type, then 7 is finite-to-one iff 7 is
bounded-to-one.)

PROPOSITION 4.2 [T|. Suppose m 13 finite-to-one. For every ¢ € F(Y) there
is ezactly one p € M(X,S) with pon~! = my. The measure p is the equilibrium
state of ¢ o . Hence if my 13 Markov so s p.

PROOF. When 7 is finite-to-one, we have h,(S) = h,or-1(T) YV € M(X,S),
so that P(S,¢om) = P(T,¢) V¢ € C(Y). Let ¢ € (V). Let u be the unique
equilibrium state of ¢ € m. Then clearly u € 7! is an equilibrium state of ¢, so it
equals my. If v € M(X, S) and v o7~ ! = my, then

h,,(S)+/¢07rdv=hm¢(T)+/¢dm¢=P(T,¢) = P(S,¢pom),

sothat v =p. O
We have the following characterisation.

THEOREM 4.2. The following statements are equivalent.

(i) 7 13 a finite-to-one map.

(ii) O 4s a compensation function.

(iii) Every compensation function in ¥(X) is cohomologous to 0.

PROOF. (i)=(iii). If = is finite-to-one, then h,(S) = hyor-1(T) Vu € M(X, S),
so that P(S,¢on) = P(T,$) V¢ € C(Y). If up, mo denote the measures of maximal
entropy on X,Y, then, by Proposition 4.2, ug o 7! = mg, and, moreover, yg is
the only member of M (X, S) that projects to mg. Suppose F € #(X) and F is a
compensation function. Then the equilibrium state, up, for F' projects to mg, so
ur = wo. By Proposition 4.1(iv) F' is cohomologous to a constant ¢; but then

P(T,0) = P(S, F) = P(S,c) = ¢ + P(S,0) = ¢ + P(T,0),

so ¢ = 0. It suffices to show (ii)=>(i). But (ii) implies h(S) = h(T), and by a result
of Parry and Tuncel [P, T, p. 56] 7 is finite-to-one. O
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We noted in Proposition 4.2 that when 7 is finite-to-one each Markov measure
m on Y is covered by a unique Markov measure on X. However, when 7 is not a
finite-to-one map, Boyle and Tuncel [B,T, §7] have shown that if a Markov measure
mon Y lifts to a Markov measure on X, then m lifts to uncountably many Markov
measures on X. By the discussion after Theorem 4.1 it follows that every Markov
measure on Y lifts uncountably many Markov measures on X. There are examples,
however, where no Markov measure on Y lifts to a Markov measure on X [M,P, W]
(see later in this section).

Finite-to-one factor maps are special cases of uniform factor maps. The factor
map 7 is called uniform if the unique measure of maximal entropy for S projects
by 7 to the unique measure of maximal entropy for T [B,T]. From Theorem 4.1 it
follows that 7 is uniform iff it has a constant for a compensation function. Another
equivalent condition is that there exist a constant ¢ such that {y € Y|P(S, 7, 0)(y) =
¢} is a total probability set for T. This follows from Theorem 3.3.

We now consider another condition for F' € #(X) to be a compensation function.
If  is the smallest natural number for which a ¢ exists so that the zeroth coordinate
of 7(z) depends only on (zq,...,Zq4+r—1) Vz € X, then we define a cylinder set in
7 (0[Y0, - - - »Yn—1)n—1) to be a cylinder 4[zq,...,Tqtntr—2)g+ntr—2 which is a
subset of 7r—1(0[y0) ey ?Jn—l}n—l)'

THEOREM 4.3. Let S: X — X, T: Y — Y be topologically mizing subshifts of
finite type, and let 7: X — Y be a continuous surjection with moS =T on. Let
F € #(X). Then F is a compensation function iff there exist constants o, 3 > 0
such that ¥n > 1 Vy € Y we have a < Z::cEEn(y) e(5»F)(=) < 3 for all sets E,(y)

consisting of one point from each cylinder set in 7 1(o[yo,- -, Yn—1]n—1)-

PROOF. In this proof [yo, ..., Yn—1] means o[yo,. .., Yn—1|n—1. I mog € M(Y,T)
is the unique measure with maximal entropy, then by Proposition 4.1 there are
positive constants v, v, with

(1) N <mo([yo, - yn-1))e ™D < vy ¥n> 1, Wy €Y.
Similarly there are positive constants a;, a such that

a; < pur([zo,. .. Tn-1])exp(nP(S,F) — (SpF)(z)) < a2 VYn>1, Vze X.
From this we get positive constants 31, 32 such that

@) B Y €SP <ppor (o, yna)e PSP
z€E,(y)

< B2 Z eSS yp > 1, vy eY.
IeEn(y)

If F is a compensation function, then up o 7= = mg and P(S,F) = h(T), so

we have 71 (SaF)(z) 2
—= < E elPntNT) < 2
B2 ~ - B

IGE,.(y)

Conversely, suppose F € 7(X) satisfies the condition stated in the theorem. Let
mo € M(Y,T) be the measure of maximal entropy. Inequalities (1) and (2) hold.
From (2) we get

afi < prom ([yo,- - ayn—l])e_"P(S'F) < BaB.
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From this and (1) we have

3) Bt n(p(s,F)-h(T)) « HFOT([y0, - Yn-1])
Yo = mo([yo,. .., Yn-1])
< BBz2 n(p(s,p)-n(T))
m

According to whether P(S, F) > h(T) or P(S,F) < h(T), we have mg < ur o
71 or up om~1 & myq. Since both measures are ergodic, we have mg = up o1
By Theorem 4.1(iv), F + ¢ is a compensation function for some ¢ € R. From (3)
we get P(S, F) = h(T), so that ¢ = 0. Hence F is a compensation function. [

We now consider conditions for the existence of a compensation function in 7(Y).

THEOREM 4.4. For G € ¥(Y) statements (iii), (iv), (v) of Theorem 4.1 (with
F replaced by G o ) are equivalent to the following statements.

(i)’ Vo € F(Y) we have pyor o =my_g.

(iv) I € F(Y) with pyor o~ = my_g.

(v) Y € F(Y) pypor ts the unique measure of mazimal relative entropy over
my—-G-

The proofs are accomplished by putting ¢ = ¥ — G in Theorem 4.1.

From (iv)’ we see that if the unique measure of maximal entropy, ug, for S
projects to the equilibrium state of some function H € ¥(Y'), then for some c € R
the function ¢ — H o 7 is a compensation function.

When a compensation function in F(Y) exists, this does not imply that the
unique equilibrium state of an arbitrary f € F(X) pushes down to the equilibrium
state of a member of 7(Y). For example, let X =Y = {0,1}#, and let 7: X —» Y
be given by defining w(z) = y, where y, = z, + 41 Vn € Z. Then 7 is a
two-to-one map, and so F = 0 is a compensation function. Let 0 < p < % The
(p, 1—p)-product measure on X and the (1—p, p)-product measure on X push down
to the same measure m on Y. The measure m cannot be the equilibrium state of
a member of 7(Y') because such a measure has a unique lift, by Proposition 4.2.

We shall use [171(o[y0, - - - Yn—1]n—1)| to denote the number of cylinder sets in
7 o[¥0,---,Yn—1]n—1). (See the discussion before Theorem 4.3.)

THEOREM 4.5. LetS: X — X, T: Y — Y be topologically mizing subshifts of
finite type and let 7: X — Y be a continuous surjection with moS = T ow. Let
G € 7(Y). Then Gow is a compensation function iff there exist constants o, 8 > 0
such thatVn > 1, Yy €Y,

a < eTOW =1 (o[yo, ..., Yn—1]n-1)| < B.

This result follows directly from Theorem 4.3.

Consider the following classes of codes (factor maps) between subshifts of finite
type: (i) finite-to-one codes (i.e., zero is a compensation function); (ii) uniform
codes (i.e., a constant is a compensation function); (iii) codes with a compensation
function in #(Y'); (iv) codes with a compensation function in #(X); (v) codes that
do not have a compensation function in #(X). The first three classes are each
subsets of the next class, and class (v) consists of the codes not in class (iv).

An example of a code in class (ii) but not class (i) is when X = Y xY, § = TxT,
and m: Y XY — Y is projection onto the first component, 7(y, 2) = y. The constant
—h(T) is a compensation function.
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The following result is useful in calculating compensation functions for subshifts.
It gives a formula for relative pressure when S and T are subshifts, not necessarily
of finite type.

THEOREM 4.6. Let S: X - X, T:Y — Y be subshifts, and let m: X — Y be
a continuous surjection with 7S = Tn. For eachn > 1 andy €Y let D,(y) consist
of one point from each nonempty set 7= 1(y)Nolio,---,%n—1)n-1. ThenVf € C(X),

z€D, (y)
PROOF. Suppose y € Y and let the sets D, (y) be chosen. Let o denote the
natural partition of X into the sets o[¢]o. Let i denote V;?:_ x S~Ia. Suppose,

for the moment, that f is a one-sided function. If a is the number of elements in
the alphabet of X, we have

@(S,m frak)(y) <a* Y exp((Saf)(z))

Z€Dn 4k (y)

Sakek"f“ Z exp((Sn+kf)(x)).

2€Dn 1k (y)

P(S,,f)(y) = limsup . log ( > exp((Snf)(-’v))) .

Proposition 1.3 then gives

P(S,m, f)(y) < liwipélog ( > exp((Snf)(r))) :

z€Dn (y)
Similarly,
pn(S, ™, f! ak)(y) 2 Z exp((S‘nf)(z))
2€Dn 4k (v)
> ekl S exp((Sarif)(2)
XEDn1k(y)
so that

P(8,m, )(y) = limsup - log ( > eXP((Snf)(fv))) .
n—oe z€Dn(y)

The same conclusion holds if f is cohomologous to a one-sided function. If f(z)
depends only on a finite number of coordinates of z, then f is cohomologous to
a one-sided function; since if f(z) depends only on (z_g,...,z,), then f(z) =
f(S*z) + (—Skf)(Sz) — (=Sk.f)(z), and f o S* is a one-sided function. Since such
functions are dense in C(X), the required formula holds for all f € C(X). O

We now give an example of a code in class (iii) but not in class (ii). Let X =
{a1,a2,b}2, Y = {a,b}Z, let S, T be the shift maps on X,Y, andlet 7: X — Y be
defined by the one-block map that sends a; and a3 to @ and sends b to b. Suppose
¥ € C(Y). By Theorem 4.6 we have

P(S,7,%)(y) = limsup = () y) + 108 7 oluos - 3m-1]n-1)]

= limsup %[(an)(y) + (log 2)(TrXo[a)o) (W)]-

n—oo
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If me M(Y,T), we have

/ P(S,7,v)dm = / ¥ dm + (log 2)m(oalo)

for m-almost all y € Y. If ¢ is a constant function taking the value ¢, then
[ P(S,m,c)dm = c + (log 2)m(o[a]o) varies with m € M(Y,T), so c is not a com-
pensation function (Theorem 3.3). However, if ¢ = (—log2)x,[a],» We see that
[ P(S,m,¢)dm = 0 ¥m € M(Y,T), so that (—log2)x,[a], € C(Y) is a compensa-
tion function.

The following is an example of a code in class (iv) but not in class (iii). Let
Y = {a,b}?, and let X be the subshift of {a;,az2,b}? determined by allowing the
transitions marked on Diagram 1. The map ~ is the one-block map determined by
mapping a; and as to a and b to b. We shall use Theorem 4.5 to show that Gonw
is not a compensation function for any G € #(Y). Suppose G € #(Y) and Gor is
a compensation function. There are positive constants, «, 3, such that

a < eTCW|r=1(lyo, ..., Yn_1|n1)| < B foralln>1landalyey.

Let y be the point a*°, which has y, = a Vn € Z.

Then a < e"¢(™)(n + 1) < B. If G(a*™) > 0, then the middle term goes to oo,
if G(a*°) < 0 the middle term goes to zero, and if G(a*®) = 0 the middle term goes
to 0o. Since none of these can happen, we know there is no compensation function
in 7(Y'). However, for any t < 0 the function

F(x) = tXO[al a1 (:l:) + log(l - et)Xo[amalh (27)

is a compensation function. This follows from Theorem 4.6 and the calculation

k
e*F(@e) + N " exp((j — 1)F(a1,a1) + F(az,a1))
7=1
Kkt £ (-1t t ke € -1 kt
=e +,~=Zle (1-¢€)=e +1——e‘(e -1)=1

An example of a code in class (v) is the code of Marcus, Petersen and Williams,
which they showed maps no Markov measure on X to a Markov measure on Y
[M,P,W]. Here the space Y is the subset of {a,b}Z defined by the allowable transi-
tions given in Diagram 2: The space X has 24 symbols, and the allowable transitions
are given in Diagram 3, where only the symbols b, a1, a1, a2, a}, ay are given names
and the other symbols are represented by dots.

The map 7: X — Y is the one-block map defined by sending b to b and sending
all other symbols for X to the symbol a for Y. We shall use [z, ..., z,—1] to denote
the set o[20,...,2n-1]n—1. The notation a™ denotes the string (a, ...,a) of length
n. If C1,Cy, ..., Cn are blocks of symbols, then [C;-C; - - - Cn] denotes the cylinder
set obtained by juxtaposing the blocks in the order shown. If C is a block of length
8in Y, then C* denotes the point (\>2___ T~"°C in Y. Similarly, for a block in
X.

We shall use the following three properties of «: for any k > 0

(1) 771 [5a®**3b] = [ba; (a}a;)3 1)
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(2) 77 [ba®*+4b] = [baz(ahayaz)? 1)

(3) 71 [ba8%+1b] = [bay (a}a1)3*b] U [baz(ahalas)?<b].

For k > 0 let Cy(k) = [bai(a}a1)3*tY), Co(k) = [baz(abalaz)? 1), Cs(k) =
[bai(aja1)?*] and Cy(k) = [baz(ahasaz)?*).

Suppose there is a compensation function F € F(X). Since any function coho-
mologous to F is also a compensation function, we can assume F is a one-sided
function satisfying condition (*). By Theorem 4.3 there are positive constants a, 3
such that

(4) a< > exp((SaF)(x) <B Vn>1, WyeY
z€E,(y)
and for all sets E,(y) consisting of one point from each cylinder set in
7"_1(0[1/0, ey Yn—1ln-1)-
If we put n = N(6k +4) + 1 and y = [ba®*+3]°° in (4), we get
a < exp(N{[(Ser+4F)((C1(k))*)] + F((C1(k))>)) < B VN > L.

Therefore
(5) (S6k+4F)((Cl (k))oo) =0.
Similarly
(6) (Sek+5F)((C2(K))>*) = 0.

In a similar way if we choose 7; € {1,2} for 1 <7 < N and r of them are equal to
2, then

(7) (Sn(ek+0)+rF)((Cjy (k) - Cjy (k) - - - Cj (K))>) = 0.
If we put n = N(6k 4+ 2) + 1 and y = [ba®**1]*° in (4), we get
a< Y expl(Snek+2)F)((C)y (k) - Ciy (k) - Cy (K))™)]

J1,--JNE{3,4}
-+ exp F((Cj, (k) x Cjy (k))>) < B.
Therefore
®) e ll< Y expl(Sniorsz F)(Cs k) - Cialk) - Con (6)))]
jly~~~yjN€{3v4}

< BelFll yN > 1.
Let
wk(F) = sup [sup { ZF(a_i, cooa_1z7) = Fla_;,...,a_12"%)

n21 =1

(@_p,...,a_1z") is allowed and (zo,...,zk—1) = (zo,...,zk_l)}] .

By condition () we have wi(F) — 0 as k — oo.
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We shall use condition (5) to show F([a}a;1]*®) + F([a1a}]®°) = 0. Let m < k.
Then 0 = (Sex+4F)((C1(k))>) differs from
F((C1(k))*®°) + 3k + 1 — m)F((a1a1)*) + (3k + 1 — m)F([a1a1]*)
m m—1
+3 F(ldharl (Ci(R))®) + Y F((arail a1 (C1(k)>)
1=1 =0

by at most 2wz, (F'). Since we can let k — oo, we get

9) F([a1a1]*) + F([a}a1]*) = 0.
Similarly, using (6), we get
(10) F([a3a302]*) + F([(a2a2a5]*°) + F([a2a3a3]*) = 0.

We now use (8), (9), (10) to get a contradiction to wi(F) — 0.
Consider (8). For each choice of j1,...,jn € {3,4} we shall compare the quantity
(11) (Snek+2)F)((Cjy (k) - Cjy (k) - - Cjiy (K))™)
with
(Sn(6k+4)+rF)((Cjy—2(k) - Cjp—2(k) - - Cjy—2(k))>),
where 7 is the number of j; equal to 4. The last expression is zero by (7). Suppose

71 = 3. Then
(Sek+2F)((Ca(k) - Cj, (k) - - Cji (K))*)
differs from
(Sek+4F)((C1(k) - Cjp—2(K) -+ - Cjy—2(k))™)
by at most 3wk (F); since
(Sak+2F)((C3(k) - Cj, (k) - - - Cin (K))*)
differs from
(Sak+2P)((C1(k) - Cjp—2(k) - - - Cjy—2(K))™)
by at most wok(F),
(F o §4%+2 4 F o $4%+3)((C1(k) - Cjp—2(k) - - - Ciy —2(K))>)
differs from F([a1a}]*®) + F([a}a1]*®) = 0 by at most wok(F'), and

6k+1 )
> FoSH(Cs(k)-Cin(k)- - Cin (k))™)

1=4k+2

differs from
6k+3

Y. FoS°((Ci(k): Cp-a(k) -~ Ciy—a(k))™)

s=4k+4

by at most wok(F).

When j; = 4 we do a similar argument, using (10) instead of (9) to deal with the
extra terms. We then deal with the next 6k+2 terms in the sum (11) by considering
Cj, (k), and continue in this way. We get that expression (11) has absolute value at
most 3Nwqk(F). Putting this in (8) gives 2V exp(—3Nwor(F)) < BelFIl YN k > 1.
Therefore 2 exp(—3wzk(F)) < 1, contradicting the fact that wor(F) — 0 as k — oo.
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5. An example where no compensation function exists. We now give an
example of two topologically transitive homeomorphisms S: X — X, T:Y - Y
and a continuous surjection 7: X — Y with 7S = T'w for which no compensation
function exists. Both S and T are subshifts of a shift on a countable number of
symbols. We first describe the space X. Suppose W = {0} U {1/n}{° with the
topology inherited from R. Let Ay = {1,3}, Az = {%,%,%}, A3 = {é, %}, Ay =
{},4L3, etc. Then {A,} partitions {1/n|n > 1}, and A2n41 has two members,
and Aj, has three members for all n > 1. Let X,, = AZ, considered as a subset
of WZ. The closed sets X, are mutually disjoint subsets of WZ, and Uz, Xn
has closure {0} U U2, X,,, where 0% is the point in WZ whose components
are all 0. Let U: WZ — WZ denote the shift map. Then h(U|x,,) = log3 and
h(U|x,,,,) = log2. Let Xo = {0°} U s>, X».

We want to find a point w € WZ so that Xj is contained in the closure, X, of
{Umz|n € Z} and every p € M(X,U|X) has u(Xp) = 1. We can do this by making
a list consisting of all blocks of zeros, all blocks that occur in X, all blocks that
occur in X, etc., and constructing z = (z,)*,, by writing down this list of blocks
in some order to give the sequence (z,)%,,. Let S = U|X. Clearly Xo C X. If
w € X\Xo and w = (wn)*®,, contains a block of symbols B; - By - B3, where B;
and B are blocks from different X,, and By and Bjs are blocks from different X,
then w is a wandering point for S: X — X. The only other possibility for a point
w € X\ X is that for some N all the symbols w;, for 1 < N, are symbols from some
X,, and w;, for ¢ > N, are symbols from some Xi,k # n. If (S) denotes the
nonwandering set of S, then such a point cannot belong to (S|{)(s)). Therefore
u € M(X,S) implies u(Xo) = 1.

Since u € M(X,S) implies u(Xo) = 1, we have P(S, f) = P(S|x,, flx,) by
the variational principle. Let m: X — WZ be defined by mapping the symbol 0 to
itself and by mapping each member of A, to the symbol 1/n. Let Y = n(X) and
T = U|Y. Hence the image of X, is one point y(™ € Y and y(™ — 0. Each
point y(™ is a fixed point of T. By the same reasoning as above every member of
M(Y,T) is concentrated on {0} U {y(™|n > 1}, so that

P(T, ¢) = max($(0°),sup{¢(y™)|n > 1}).

Let us suppose there exists F' € C(X) with P(S, F+¢on) = P(T,¢) V¢ € C(Y).
For each k > 1 and each b > 0 let ¢§cb) € C(Y) have the property that ¢§cb) (y™) =0
if n # k and ¢ (y®) = b. Then P(T, ¢®)) = b. Therefore

b=P(S,F +¢y’) = max(F(0%), P(Sk, Fi) + b, sup{P(Sn, F)In # k}),

where S,, = S|x, and F,, = F|x, . By considering large b we see that P(Sk, Fi) = 0.
This is true for each k > 1. Therefore —sup F, < h(Sx) < —inf Fi, and, using
the continuity of F, this gives h(Sx) — —F(0>°). However, h(S2,) = log3 and
h(S2n+1) = log2, so limg_.o h(Sk) does not exist. This contradiction shows that
no compensation function exists.
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